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By Theodore Theodorsen
SUMMARY

It has been known for some time that the velocity
of sound is not the upper limit for potential flow.
S. A. Chaplygin in his paper "On Gas Jets" (NACA ™
No. 1063) carried out some interesting proofs on. the
existence of solutions and gave proofs relating to mexima
and minima of certain functions. TIn the present paper
these proofs are extended to include the supersonic
potential-flow field adjacent to the subsonic region
treated by.Chaplygin.

THEORY OF COMPRESSIBLE FLOW

The compresslible-flow equatlons are as follows:
For steady flow the law of conservation of matter glves
div pg = 0 : . T

For two-dimensional st?ady,flow the relations are

3 _ Po oy | -
e |
: 'r,_-.>'.' (1)

Oy p Ox ;'”irf - .

where @ 1s the poteJtial function defined by the rela- ' T
tion - ! . .
l s em
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end ¥ 1is the scalar stream function which may be defined o

by the similar relation el
SV o= f—Q—Ex ds. ST
. po -

The X component of the velocity 1is
| = %0 Pa v
4= Bﬁ TP dy

and the y component of the veloclty 1s

- %0 _ _ Podu
Vo= 3% - T p ox

It 1s of interest to indicate a very =imple relation
for two-dimensional lrrotational flow involving a new set
»f independent variables. Consider a stream tube (fig. 1)
having a rsctangular system of coordinates as shown with h
nerpendicular to and @ along the streamline. If two
perpendiculars to the streamline are erected at a
distance 4t apart, they will intersect at m. If the
radius of curvature of the flow is denoted by r, fraom
the condition of irrotationality

qr = Constant

ga - _4g o

61‘1 ki ) s R

mrom the condition for conservation of matter

pgf = Constant
where [ 1s the cross section of the tubesr—therefors,

.1 .
d0q ~pg _' 4f : -,;

= e X ta t . i
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or

N
. O 953} 1 ar
;f%(;q <ﬂ1j>fl3;afl

I the amgle of the stream tube with some fixed directlon
is &8 and if »r is the radius of curvature of the
streamline, ’

r 486 .= - 41

or

1_ a8
r 3L

and if R 1s & radlus of convergence of the streamlines,
or the radlus of curvature of the potential lines

and

o) o o)
q{q-—L2) 28
I do \ aq /- oh

Since dg =Q d7 and dy = pg dh

| . -
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Thle forn of the equations of motlon of s compréssible A
fluld 1s gilven by Chaplygin (reference 1). _
By interchanging the. variablses these equations may )
finally be written in the form =
0 _adw
68 T o O0q
_" ? (3)
%0 _ ,-pd Oy
T a 1¢]
3q 68 _
This f'orm of the equations of motlon was first obtained s
by Molenbroek (reference 2). Since g and © are the -
Independent variables, it is cslled the hodograph form
of the equa*icnq of motion. A1l the aequatlions are of _ _
the form " T : . : S — e
é}'. ay . ..___
. - o R DR -
.:_.. = B ...¥.. ) ) : .'."'_'.
07 Ox . Lt
where A and B are functions of ¢ only. _ =
The Jacobian is . . S : _ . _ o=
= 5= XY _ jox Oy
- A(x,y) . |OY oY
0x Oy
. AQ-X>2 ( > B T
. o7, - Bt
) A N .
For "J = 0, . %% =\/%5.7 Thé Chaplygin proofs of uniqueness L
of the solutlion may now be_extended to—a_ region boundsd o
in part ty the line “J = 0. The daifferential equation )
for W _obtained from equatilons (3) ig . _ N

o4
+

L
3 A= .2
3 g.é.\k) pd 2

re)

=

AV

oq dd »g

o
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If there are two values of . ¥ corresponding to a given

fixed boundary condition, the difference between" uhese

two values may be considered & solution. The - e
function V5 flwl - Vo 1s then zero along the boundary,

as assumed by Ghaplygin. Multiplying the left-hand side _
of this equation by ¥ dg d8 and integrating by parts ™~ 7 e
gives the following equation ; .

e
628 63)-

Since v = orr the boundary, the secand integral mnstg-'
be zZero. : ' T Lo

In the first integral it can be seen that the integrand
does not change sign except on the line J = 0, which
does not traverse the domain considered. The integrand,
moreover, is elways positive when the line J =0 does
not uragerse the region, In such & region, there-

fore, -SE— nd ?ﬁ? must be zsro everywhere to aveid a’
contradiction. Thus, the solution is unique 1F the = =
line J =0 1lies on the boundary or outside ths region.
It is important to notlice that this condition does not
restrict @ to a value less than ‘¢ as in the original
proof by Chaplygin. The following important theorem has
therefore been proved-
The solution of  -the compressible potential flow field
is unique if the region is not traversed by a line J = O.

PROQF'S FOR MAXTIMA AND MINIMA OF CERTAIN FUNCTIONS

If ¥ has a maximum in the field not traversed by
a line J = 0, theéere may be drawn a line’ for which
Y = Constant = Y, surrounding the peak value. If ¥ - Wo
ls considered in the same manner as in the preceding
unigqueness proof, this difference value along the boundary
is again zero and the line integral again becomes zZsro.
There is left the surface integral, which can only become
zero if ¥ - Y, is everywhere equal to zero.
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Hence, W cannot have & maximum din any point gf a
reglon not traversed LY & line J = 0, . -

It should be noted that this proof ig different from
the proof used by Chaplygin and that the result alsoc
differs in that the region of Charlygsin has bsen extended
to the 1line J = 0, which really constitutes the limit
ol potential flow.

Without going into detail, it may be shown gimilarly o
that ¢« can have no maximum or mintmirm in a fleld not o B
traversed bj the line J = 0. Dven more important 1s the :

fact that ¥ and Q‘g. have no maxima in the field. This

resuls follows immediately since both are solutions of

the flow squation and the corrasnonding equation for ¢.

Yince ¥ and %ﬁ are equal ta pqR and ar, Teepegtivglx
nelther 0 pgR nor qr c&an heve extrema in the. Tleld, Tt

may furthar be.shown by an identlcal treatment that 'q

and ©Q  have no ‘extrema in the field; it follows, therefore,
thatt R and: r show no extrema in the field and thre
Tollowing uveseful theorem is obtalnad: :

The radius of curvature and the radius of conﬁefﬂence
of the stneanlincs have thelr ecxLreme values along thne ’

bounda ry.

From this 'theorem it is obvlous that the pelnts
of greatest curvature (smallest radius aof curvaLure) and .
the nolnts of sreatest divergence (smallest radius of - L
convergence) are hoth to be found at the boundaries. 4n
infinite radius of curvature (straight streamlines) cannot
axist at isolatea polnts in the fleld. .

The eypression for

7= 2 - (é (5 ) S

may &also be written

Tapaee

The problem of the'change_in-the glgn of- the Jacobian
will now be considereéd. Tt is first assumed that the -
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Jacoblian may be zero along a curve in the field, and
thus the existence of a negative Jacoblan in a part of
the rfield is agsumed. It can be shown that such &
line J = O must coincide with & particular iscbaric
line g = Constant. - B S

By use of a spécial form of the Jacobian

7= B9 - oG8 - {i‘«i<> -

there 1s, for J = 0O,

2-/@ -2

Since %% = tan w, where Wl is the anvle which the

line J = 0 forms with a line perpcpa1cu1ar to the streamr
lines, 1t is seer that the component of the velocity g
normel to the 1line J = O iz egual to the velocity of

20 [V el e )

Using the hodogsraph form (3) of the equations of

1

- a==
motion,it 1s seen-that x'=g9, y=g, A =g _éEL
and B = %. Hence J = QO when or if '

QETH

' q
%% = -

A dlrect and simple integration glves for the desired curve

e

-

8 - 85 = f£la)

Tt can be shown in several ways that the curve J = 0
bordering the lower- sneed reglon must be a straight isobaric
line. _
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The flow lines must be parallel to each othicr at o . o
the. points where they reach & line J =0 and this line L

must _be & strelzht iscbar. . . S

In three dimensions it -can be seen that the surface _ _;
where q, = ¢ 1s a minimal surface. This minimal sur- -

iy 4 dgq e
T'ace ccecurs because the two components -gl an ?E% -
Qs

at right angles to the surface.must cancel each other.

In the followlng remarks it is proved that a closed - o
region cannot exist adjacent to an airfoil for which J =
has changed sign or equals zero: ' '

Assume that there exists a closed region the boundary o
of’ which coincides witlhh a curve ~ J = 0. Since it heas R
alreedy been proved that the curve J = 0 in two dimen-
slons must be a stralight line, a geometrically impossible .
condition has been set up. A minimal surface cannot _ e
enclcse eny srace, and in two dlumensions a straiglt line C i
cammct enclose any area. The Jacebian, thersfore, camnot _
change sign in & restricted region within the flow fleld.
Wherever J—>»0, & shoclk impends. o . _ =

Langley Memorial #Aeranauttcagl Laboratory o L
National Advisory Committee for Aeronautics o o
Langley-Field, va., September 6, 19,5
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Strearn Tube.
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